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THE STABLE COHOMOLOGY OF AUTOMORPHISMS OF FREE
GROUPS WITH COEFFICIENTS IN THE HOMOLOGY
REPRESENTATION
OSCAR RANDAL-WILLIAMS
Abstract. We study the cohomology of Aut(Fn) and Out(Fn) with coeffi-
cients in the modules ∧qH, ∧H∗, SymqH or SymqH∗, whereH is the Out(Fn)-
module obtained by abelianising the free group Fn. For reasons which are not
conceptually clear, taking coefficients in H and its related modules behaves
in a far less trivial way than taking coefficients in H∗ and its related mod-
ules. Based on a conjectural homology stability theorem for spaces of graphs
labeled by a simply connected background space, we give a stable integral
calculation of these groups in low degrees, and modulo a further conjecture a
stable rational calculation in all degrees.
1. An observation regarding homology stability
Recently, Galatius [6] has proved the remarkable theorem that the two natural
homomorphisms
Σn −→ Aut(Fn) −→ Out(Fn)
induce homology isomorphisms in degrees 2∗ ≤ n− 4 with integral coefficients. His
approach is to model BOut(Fn) as the space Gn of graphs of the homotopy type
of ∨nS1, and BAut(Fn) as the space G
1
n of pointed graphs of the same homotopy
type. He then produces a natural map from such spaces of graphs to the infinite
loop space Q0(S
0), which he shows has a certain homological connectivity.
At the same time, Satoh [14, 15] has studied the low dimensional homology of
Aut(Fn) and Out(Fn) with coefficients in the module H given by the abelianisation
of Fn, and cohomology with coefficients in the dual module H
∗. His methods are
those of combinatorial group theory, and proceed by calculation with a presentation
of these groups. From now on, we write HQ and H
∗
Q for the rationalised Out(Fn)-
modules.
The groups Aut(Fn) and Out(Fn) fit into a more general family of groups de-
noted Γn,s by Hatcher–Vogtmann [8], where Aut(Fn) = Γn,1 and Out(Fn) = Γn,0.
Classifying spaces for these may be taken to be the spaces Gsn of graphs of the
homotopy type of ∨nS1 equipped with s distinct ordered marked points.
Hatcher and Vogtmann [8] prove that the map Gsn → G
s
n+1 (defined for s > 0)
that adds a loop induces an integral homology isomorphism in degrees 2∗ ≤ n− 2
(and induces a rational homology isomorphism in degrees 5∗ ≤ 4n− 10). Further-
more, the map Gsn → G
s−1
n that forgets a marked point is an integral homology
isomorphism in degrees 2∗ ≤ n− 3 (or 2∗ ≤ n− 4 if it is the last marked point).
We can draw an immediate observation regarding homology with coefficients in
H from the homology stability theorem. There is an extension Fn → Aut(Fn) →
Out(Fn), and the corresponding Leray–Hochschild–Serre spectral sequence has two
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rows. However, as the projection is a homology equivalence in a range of degrees
we deduce
Proposition 1.1. The groups H∗(Out(Fn);H
∗) are zero for 2∗ ≤ n− 6.
Similarly, there is a fibration with section ∨nS1 → G2n → G
1
n and the projection
map is a homology equivalence in a range of degrees, so
Proposition 1.2. The groups H∗(Aut(Fn);H
∗) are zero for 2∗ ≤ n− 4.
More generally, the map Gk+1n → G
1
n has fibre (∨
nS1)k and Aut(Fn) acts on its
homology diagonally. Thus for k = 2 the Serre spectral sequence has three rows,
with
E∗,12 = H
∗(Aut(Fn);H
∗ ⊕H∗) = 0 for 2∗ ≤ n− 4 by Proposition 1.2
and
E∗,22 = H
∗(Aut(Fn);H
∗ ⊗H∗).
Using the fact that the projection map is a homology equivalence in degrees 2∗ ≤
n − 2, we deduce that H∗(Aut(Fn);H
∗ ⊗ H∗) = 0 for 2∗ ≤ n − 8. Continuing in
this way for higher k, we establish the following proposition.
Proposition 1.3. For all k ≥ 1, H∗(Aut(Fn); (H
∗)⊗k) is zero for 2∗ ≤ n− 4k.
We are interested in studying the coefficient systems given by exterior powers
∧qH and ∧qH∗, and symmetric powers SymqH and SymqH∗. After rationalising,
these modules are summands of H⊗qQ and (H
∗
Q)
⊗q respectively, from which we
deduce the following corollary.
Corollary 1.4. For q ≥ 1, the group H∗(Aut(Fn);∧
qH∗Q) is zero for 2∗ ≤ n− 4q,
as is H∗(Aut(Fn); Sym
qH∗Q).
These observations are no doubt known to the experts. The purpose of this
note is to outline several related calculations one can make, modulo certain con-
jectures, about the “dual” calculation, i.e. that of the groups H∗(Aut(Fn);∧
qHQ)
and H∗(Aut(Fn); Sym
qHQ). We perform all calculations in cohomology; the dual
statements about homology may be recovered via the universal coefficients theorem
for coefficient modules.
2. Homology stability with coefficient systems
By Galatius’ theorem, the groups Aut(Fn) are closely related to the symmetric
groups, but also share many properties with mapping class groups of surfaces.
These three families of groups are known to exhibit homological stability for integral
homology, but symmetric groups and mapping class groups also exhibit homological
stability for certain systems of coefficients, those of “finite degree”, a notion that is
originally due to Dwyer [4] in his study of homological stability for general linear
groups with coefficient systems.
Conjecture A. If V is a coefficient system of degree ≤ k, then H∗(Aut(Fn);V )→
H∗(Aut(Fn+1);V ) induces an isomorphism in degrees 2∗ ≤ n− k − 2.
This conjecture is also suggested by Proposition 1.3 and Corollary 1.4. As ∧qH is
a coefficient system of degree q, this conjecture implies an improvement of Corollary
1.4: that H∗(Aut(Fn);∧
qHQ) is zero in degrees 2∗ ≤ n− q − 2.
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3. Graphs labelled by a space X
Let us denote by Gn(X) a suitably topologised (cp. [6, §2]) space of graphs of the
homotopy type of ∨nS1 equipped with a continuous map to a space X , and G1n(X)
the analogue with pointed graphs equipped with pointed maps to a pointed space
X . The following may be proved essentially following [6], but using ideas from [7].
Theorem 3.1. There is a natural map
G1∞(X) −→ Q0(X+)
to the free infinite loop space on the pointed space X+, which is an integral homology
equivalence as long as X is path-connected.
In order to obtain information about Gn(X) for finite n, we assume for the
remainder of this note the following conjecture regarding a homological stability
phenomenon for the spaces Gn(X).
Conjecture B. Suppose X is simply connected. Then the map
G1n(X) −→ G
1
n+1(X)
induces a homology isomorphism in degrees 2∗ ≤ n− 3, and the map
G1n(X) −→ Gn(X)
induces a homology isomorphism in degrees 2∗ ≤ n− 5.
Such a conjecture is of course motivated by the analogous theorem for spaces of
surfaces, and would surely be unsurprising to the experts. We believe there should
be no essential difficulty in establishing Conjecture B, proceeding analogously to
the case of surfaces. Our preferred approach in this case is of course [13], but it
would also follow from Conjecture A by the methods of [3].
4. Integral calculations
We first apply the above discussion to the case X = CP∞ = K(Z, 2). In this case
G1n(CP
∞) classifies families of pointed graphs with a complex line bundle on the
total space, and a trivialisation at the marked point. There is a homotopy fibration
BH∗ ≃ map∗(∨
nS1,CP∞) −→ G1n(CP
∞) −→ G1n(∗) ≃ BAut(Fn)
with section (given by taking the constant map to the basepoint) and an associated
Serre spectral sequence
(4.1) Ep,q2 := H
p(Aut(Fn);∧
qH) =⇒ Hp+q(G1n(CP
∞);Z).
The first column of this spectral sequence is determined by the following lemma.
Lemma 4.1. The group of invariants (∧∗H)Aut(Fn) is Z in degree zero.
Proof. Aut(Fn) acts on H via GLn(Z), so we must show (∧
∗H)GLn(Z) is trivial in
positive degrees, but this is classical. 
Assuming that Conjecture B holds we have a description of the E∞-page of the
spectral sequence (4.1), by Galatius’ theorem we have a description of the q = 0
line, and by Lemma 4.1 we have a description of the p = 0 line. Hence we are able
to make the following calculation.
Proposition 4.2 (assuming Conjecture B). We have
H1(Aut(Fn);H) = Z for n ≥ 7
H2(Aut(Fn);H) = 0 for n ≥ 9.
4 OSCAR RANDAL-WILLIAMS
Of course, the first isomorphism follows from the work of Satoh [14, Theorem 1]
and the universal coefficient theorem, and in fact he establishes it for n ≥ 3. On
the other hand, in [15] he shows1 that H2(Aut(Fn);H) ⊗ Z[
1
2 ] is zero as long as
n ≥ 6, but is unable to deal with the 2-torsion. In this sense our calculation is
stronger, at the expense of increasing n from 6 to 9.
Proof. We have the following known cohomology groups in low degrees
i 0 1 2 3
H∗(Q0(S
0);Z) Z 0 Z/2 Z/2
H∗(Q0(CP
∞
+ );Z) Z 0 Z⊕ Z/2 Z/2
and hence in total degree 2 the spectral sequence gives a short exact sequence
0 −→ Z/2 −→ Z⊕ Z/2 −→ H1(Aut(Fn);H) −→ 0
as long as n ≥ 7, and soH1(Aut(Fn);H) ∼= Z in this range. On the other hand, if we
consider total degree 3, we see that E2,12 can support no differentials (as the fibration
has a section), but E2,1∞ must be zero as long as n ≥ 9, hence H
2(Aut(Fn);H) =
0. 
This should be contrasted with with a theorem of Bridson and Vogtmann [2,
Theorem B], who show that the extension
H = Fn/F
′
n −→ Aut(Fn)/F
′
n −→ Out(Fn)
is non-trivial for all n ≥ 2, and hence gives a non-trivial class ζ ∈ H2(Out(Fn);H).
In particular, we see that H2(Out(Fn);H)→ H
2(Aut(Fn);H) is never an isomor-
phism for n ≥ 9, and hence that although Aut(Fn) → Out(Fn) has homology
stability for constant coefficients, it does not (in general) for coefficients system
of finite degree. To study this situation from our point of view, we consider the
diagram
BH∗
map(∨nS1,CP∞)
❄
✲ Gn(CP
∞)
π
✲ Gn(∗) ≃ BOut(Fn)
CP∞
p
❄
where the row and column are fibrations. Note that p is a trivial fibration and is
split via the inclusion s : CP∞ → map(∨nS1,CP∞) of the constant maps, and there
is an inclusion ι : Gn(∗) × CP
∞ → Gn(CP
∞) of the graphs with constant maps to
CP∞. The Leray–Serre spectral sequence for the horizontal fibration is
(4.2) E¯p,∗2 := H
p(Out(Fn);∧
∗H)⊗ Z[a] =⇒ H∗(Gn(CP
∞);Z)
where a is the canonical class in H2(CP∞;Z), so has bidegree (p, q) = (0, 2).
Proposition 4.3 (assuming Conjecture B). We have
H1(Out(Fn);H) = 0 for n ≥ 7
H2(Out(Fn);H) = Z/(n− 1) for n ≥ 9.
1Rather, he shows that H2(Aut(Fn);H∗)⊗ Z[
1
2
] is zero for n ≥ 6, but the above then follows
by universal coefficients.
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Proof. We first claim that the map
CP∞
s
−→ map(∨nS1,CP∞) −→ Gn(CP
∞)
has image (n − 1)Z ⊂ Z = H2(CP∞;Z) on second cohomology. By Conjecture B,
it is enough to prove this after composing with the map to Q0(CP
∞
+ ) as long as
n ≥ 7. Up to translation of components, this map is given by the Becker–Gottlieb
transfer CP∞ → Q1−n(CP
∞ × (∨nS1)+) for the trivial graph bundle over CP
∞
composed with projection to Q1−n(CP
∞
+ ). By standard properties of the transfer,
this is (1 − n) times the standard inclusion, which on second cohomology induces
multiplication by (1− n), as required.
This describes the edge homomorphism of the spectral sequence (4.2). As it
converges to zero for positive Leray filtration in total degree 3, the differential
d2 : Z = E¯
0,2
2 → E¯
2,1
2 must be onto (so E¯
2,1
2 is cyclic) and the kernel is (n − 1)Z,
so E¯2,12 = H
2(Out(Fn);H) ∼= Z/(n − 1). On the other hand, in total degree 2 we
see (n− 1)Z = E¯0,2∞ and Z/2 = E¯
2,0
∞ , and it converges to Z/2⊕Z, so observing the
direction of the Leray filtration we see that H1(Out(Fn);H) = E¯
1,1
2 = 0. 
The calculation H2(Out(Fn);H) = Z/(n − 1) along with the result of Bridson
and Vogtmann [2] that their class ζ ∈ H2(Out(Fn);H) remains non-trivial in the
group H2(Out(Fn);H/rH) for any r not
2 coprime to (n− 1) implies that the class
ζ generates H2(Out(Fn);H).
5. Symmetric powers
We now turn to the modules SymqH , for which we let the background space be
K(Z, 3). Then there is an equivalence map∗(∨
nS1,K(Z, 3)) ≃ K(H∗, 2), and so the
cohomology of this space as an Out(Fn)-module is Sym
∗H with grading doubled.
The relevant spectral sequences are then, in rational cohomology,
Ep,2q2 := H
p(Aut(Fn); Sym
qHQ) =⇒ H
∗(G1n(K(Z, 3));Q)(5.1)
E¯p,∗2 := H
p(Out(Fn); Sym
∗HQ)⊗ Λ[a] =⇒ H
∗(Gn(K(Z, 3));Q)(5.2)
where a ∈ H3(K(Z, 3);Q) is the tautological class.
6. Rational calculations
In order to obtain information in higher degrees, we pass to rational coefficients.
We may then calculate
H∗(G1∞(CP
∞);Q) ∼= H∗(Q0(CP
∞
+ );Q)
∼= Q[χ2, χ4, χ6, ...]
where χ2i is the cohomology suspension of the i-th power of the Chern class.
These classes χ2i may be defined intrinsically on G
1
n(CP
∞) by applying the Becker–
Gottlieb transfer [1] for the universal family of graphs to powers of the first Chern
class of the complex line bundle on the universal family. The spectral sequence (4.1)
in rational cohomology converges to this algebra in the stable range, and the above
calculation shows that the element χ2 is detected in the group H
1(Aut(Fn);HQ).
We may phrase this as saying that the class χ2 ∈ H
2(G1n(CP
∞);Q) has Leray filtra-
tion precisely 1 with respect to the map G1n(CP
∞)→ G1n(∗). Assuming Conjecture
B, the class χ2i must be detected in the spectral sequence as long as n ≥ 2i + 3,
and we may ask in which Leray filtration it is detected. In order to use this calcu-
lation with the spectral sequences (4.1) and (4.2) in reverse, we make the following
conjecture.
2The paper [2] contains an unfortunate misprint, where they make this statement for those r
which are coprime to (n− 1).
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Conjecture C. The spectral sequences (4.1) and (5.1) rationally collapse in total
degrees 2∗ ≤ n− 3 and the spectral sequences (4.2) and (5.2) rationally collapse in
total degrees 2∗ ≤ n− 5.
This conjecture is not unreasonable for Aut(Fn) by comparison with the analo-
gous theorem for surfaces with boundary proved by Kawazumi [11, Theorem 1.C].
The analogous theorem for closed surfaces is proved in [5] but uses complex geom-
etry and Hodge theory in an important way, which is not available here. Thus for
Out(Fn) it is perhaps more speculative.
Theorem 6.1 (assuming Conjecture B). With respect to the map G1n(CP
∞) →
G1n(∗), the element χ2i has Leray filtration precisely i, and more generally, the
monomial χa12 ·χ
an
4 · · ·χ
an
2n has Leray filtration precisely a1+2a2+ · · ·+nan. Thus
the Leray filtration coincides with the filtration by half the cohomological degree,
and the associated graded algebra is Q[x2, x4, . . .] where x2i has bidegree (i, i).
Let us write Sg,1(CP
∞) for the moduli space of surfaces of genus g with a single
boundary component and a map to CP∞, as defined in [3]. There is a natural map
of fibrations
map∂(Σg,1,CP
∞)
≃
✲ BH1(Fn;Z)
Sg,1(CP
∞)
❄
✲ G12g(CP
∞)
❄
Sg,1(∗)
❄
✲ G12g(∗)
❄
where the lower map essentially sends a surface to its 1-skeleton, and it is easy to
see that the class χ2i is pulled back via the middle map to the class named κ1,i in
[5], as they are both defined by transferring powers of the first Chern class. The
map of Leray–Serre spectral sequences for these two fibrations is then
Hp(Γg,1;∧
qHQ) ✛ H
p(Aut(F2g);∧
qHQ)
H∗(Sg,1(CP
∞);Q)
www
✛ H∗(G12g(CP
∞);Q)
www
Q[κi,j|i+ j > 0, j ≥ 0, i ≥ −1]
3∗ ≤ 2g − 2
wwwww
✛ Q[χ2, χ4, ...]
2∗ ≤ n− 3
wwww
κ1,j ✛ χ2j
Proof of Theorem 6.1. Kawazumi [10] has defined certain cohomology classes h¯p ∈
Hp(Aut(Fn);H
⊗p), which under the projection H⊗p → ∧pH give classes we give
the same name, h¯p ∈ H
p(Aut(Fn);∧
pH). These lie on the E2-page of a spectral
sequence converging to H∗(Aut(Fn)⋉H
∗;Z). Following Kawazumi’s construction
in [10] and his methods in [11], we will produce a class in H2p(Aut(Fn) ⋉H
∗;Z)
that lifts h¯p, and hence see that h¯p is a permanent cycle in this spectral sequence.
Let A¯n := Aut(Fn) ⋉ Fn and Fn → A¯n
π
→ Aut(Fn) be the defining extension.
Kawazumi constructs a cocycle k0 : A¯n → H giving a class [k0] ∈ H
1(A¯n;H), which
is necessarily a permanent cycle in the Leray–Hochschild–Serre spectral sequence for
the extension H∗ → A¯n⋉H
∗ p→ A¯n. Thus it detects a class K0 ∈ H
2(A¯n⋉H
∗;Z).
We define the cohomology class
Kp0 · p
∗([k0]) ∈ H
2p+1(A¯n ⋉H
∗;H)
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and its image under
H2p+1(A¯n ⋉H
∗;H)
π!−→ H2p(Aut(Fn)⋉H
∗;H ⊗H∗)
ǫ
−→ H2p(Aut(Fn)⋉H
∗;Z)
is defined to be H¯p. As K0 is detected by [k0], it follows that K
p
0 ·p
∗([k0]) is detected
by [k0]
p+1 ∈ Hp+1(A¯n;H
⊗p+1). Under fibre integration and the augmentation this
defines of h¯p, as required.
Kawazumi shows that restricted to the mapping class group Γg,1 the class p!h¯p
becomes−m1,p ∈ H
p(Γg,1;∧
pH) wheremi,j are a family of classes he has previously
defined in [9]. In [5] Ebert and the author showed that m1,p detects the class
κ1,p ∈ H
2p(Sg,1(CP
∞)), and it thus follows that −p!h¯p detects the class χ2p, and in
particular that χ2p has Leray filtration precisely p. A similar argument establishes
the theorem for all monomials. 
This proof shows that our classes χ2p lift Kawazumi’s h¯p, and hence that
Q[h¯1, h¯2, . . .] −→ H
∗(Aut(Fn);∧
∗HQ) ⊂ H
∗(Aut(Fn);H
⊗∗
Q )
is injective in total degrees 2∗ ≤ n − 3, i.e. that these classes are algebraically
independent. This was proved by other means in [12].
We now study the same situation for Out(Fn), where we have the spectral se-
quence (4.2) which we may write as
Hp(Out(Fn);∧
∗HQ)⊗Q[a] =⇒ Q[χ2, χ4, χ6, ...] in total degrees 2∗ ≤ n− 5.
The calculation of Proposition 4.3 shows that a ∈ E¯0,22 is a rational permanent
cycle, hence detects χ2 which must then have Leray filtration precisely 0. We also
have the fibration
∨nS1 −→ BAut(Fn)⋉H
∗ π−→ BOut(Fn)⋉H
∗,
which admits a Becker–Gottlieb transfer. Thus π∗ is injective and so for i > 1 let
us write χ˜2i ∈ H
2i(Out(Fn)⋉H
∗;Q) for the unique class having the property that
π∗(χ˜2i) = χ2i, so trf
∗
π(χ2i) = χ˜2i also. If we write E˜
p,q
r for the spectral sequence
of the extension Out(Fn) ⋉ H
∗ in rational cohomology, we have an isomorphism
E˜∗,∗∞
∼= GrQ[χ˜4, χ˜6, χ˜8, ...] in the stable range, where Gr denotes the associated
graded to the Leray filtration. It remains to describe this filtration.
Theorem 6.2 (assuming Conjectures B and C). With respect to the map Gn(CP
∞)→
Gn(∗), χ2 has Leray filtration precisely 0 and for i > 1 the element χ2i has Leray
filtration precisely i. More generally, the monomial χa12 · χ
an
4 · · ·χ
an
2n has Leray fil-
tration precisely 2a2 + · · ·+ nan.
We will make use of the following lemma, which follows from Kawazumi [10,
Theorem 7.1]. It also follows from general principles: the Becker–Gottlieb transfer
with local coefficients [5, Lemma A.1].
Lemma 6.3. For any Z[ 1
n−1 ][Out(Fn)]-module M , the map
H∗(Out(Fn);M) −→ H
∗(Aut(Fn);M)
is split injective.
Proof of Theorem 6.2. As the spectral sequences (4.1) and (4.2) are both assumed
to collapse, the filtration on H∗(Aut(Fn)⋉H
∗;Q) and H∗(Out(Fn)⋉H
∗;Q) come
from the E2-pages. As H
p(Out(Fn);∧
qHQ) → H
p(Aut(Fn);∧
qHQ) is split injec-
tive by the above lemma, it follows that the induced filtration on H∗(Out(Fn) ⋉
H∗;Q) →֒ H∗(Aut(Fn)⋉H
∗;Q) agrees with the Leray filtration. 
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We now turn to the modules SymqH , where we have the rational calculation
H∗(G1∞(K(Z, 3));Q)
∼= H∗(Q0(K(Z, 3)+);Q) ∼= Λ[a].
Observing that E1,22 = H
1(Aut(Fn); Sym
1HQ) = H
1(Aut(Fn);HQ) = Q, we see
that the element a ∈ H3(G1n(K(Z, 3));Q) must be detected in E
1,2
∞ . Thus away
from this position the spectral sequence (5.1) converges rationally to zero. In the
spectral sequence (5.2), we see that a ∈ E3,02 is a permanent cycle for n ≥ 2 as in
the proof of Proposition 4.3. Thus this detects the class a ∈ H3(Gn(K(Z, 3));Q),
and we deduce that away from this position the spectral sequence (5.2) converges
rationally to zero.
6.1. A conjectural description of the stable rational cohomology. Putting
these calculations together with Conjecture B leads to the following rather surpris-
ing (to the author at least) calculation.
Corollary 6.4 (assuming Conjectures B and C). In degrees 2∗ ≤ n − 2q − 3 we
have
H∗(Aut(Fn);∧
qHQ) =
{
0 if ∗ 6= q
Qρ(q) if ∗ = q
where ρ(q) denotes the number of partitions of q. In degrees 2∗ ≤ n − 2q − 5 we
have
H∗(Out(Fn);∧
qHQ) =
{
0 if ∗ 6= q
Qρ¯(q) if ∗ = q
where ρ¯(q) denotes the number of partitions of q into pieces none of which are 1.
In degrees 2∗ ≤ n− 4q − 3 we have
H∗(Aut(Fn); Sym
qHQ) =
{
0 if q 6= 1
Q if q = 1 and ∗ = 1.
In degrees 2∗ ≤ n− 4q − 5 we have
H∗(Out(Fn); Sym
qHQ) = 0.
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